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Introduction
Â Mapping Networks

Ç Associative memory networks
Â ֯ ◕Ȳkey-pattern Ϥ Ȳmapping functionᾼғ ╥

memoryȲ patternױ ẃȲ֪ױȲ֯֫ (recall) ◕Ȳ ϤϚ
Лᶙ Ἠ╥צ ᾼ ȲṼ Ӕ ᾼ recallȴ

Ç Feed-forward multilayer perceptrons
Â ᵓӣBP ᾎẃ Ȳ ᾼ Ӕ ӣ ị ᾎȴ

Ç Counter-propagation networks
Â Operate as statistically optimal self-programming lookup tables.

Provide a bidirectional mapping between the input and output training 
patterns.

Ç Radial Basis Function networks.
Â Powerful supervised ïtrained network can be used for pattern 

classification and function approximation.

Â RBFNN will train much more quickly than feed-forward MLP.

Mapping ANN

W(.)
x y
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Associative Memory Networks

Â (memory capability) ὑ Ṇ ᴖ
ṕȲ (remember)ṳѹ ᵅ(reduce)Ἤ ׀
ᾼ ╥− ᾼȴ

Â ᾼ׀ Ӈ ᾼ׀Ὅ֯ ᾼ
МȲϷ ╥ Ȳ СϚ ᾼ(key) ϤἨ
ẛ (stimulus)Ȳ ה
(associative memory)М ậ оᾼ Ӑ
(memorized pattern)Ȳѿ ᾼѠה ҏȴ
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Associative Memory Networks (cont.)

Â֯ Ӣᾬ ᾼṆ МȲ (memory)ᾼ
Ἐ ֪ ếצ ᾼФ Ḃ צ ȴ
ֽὨ оЛ֯׀ ⁄Л צ ȴ֯׀

ÂֽὨ ӣᾼȲ⁄һӇצ╥ ╥Ҡ ậᾼ׀
( Ṇ )ȲἬѿ Ӣ (learning)Ȳᴖ
ѹϷҠѿ ậ(retrieval) ȴ

ÂϚ Ӑ(pattern)Ҡ Ӧ ᾼ (learning 

process)֯׀ ̢
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Associative Memory Networks (cont.)

Â Ṽ ᾼ  ȲצẒ ᶮהȸ
Ç Long-term memory

Ç Short-time memory

Â Ẓצ Ӑᾼassociative memory
Ç Autoassociative memory

Â A key input vector is associated to itself.

Â The input and output space dimensions are the same.

Ç Heteroassociative memory

Â Key input vectors are associated with arbitrary memorized 
vectors.

Â The output space dimension may be different from the input 
space dimension.
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General Linear Distributed Associative Memory

Â General Linear Distributed Associative Memory ֯
М Ϛ key input pattern (vector)Ȳ

∟ ֣ (vector)כϚ )׀ )ᾼ
pattern.
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General Linear Distributed Associative 

Memory (cont.)

Â Input (key input pattern)

Â Output (memorized pattern)

Â Ϛ n-dimensionᾼ ▐ ȲҠ
(associate) h patternȴh<=nȴ ϱ╥h < n̢

[ ]Tknkkk xxxx ,...,, 21=

[ ]Tknkkk yyyy ,...,, 21=

(3.1)

(3.2)
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General Linear Distributed Associative 

Memory (cont.)

Â Key vector xkế ֣ yk ᾼ ἤ Ҡ ȸכ

ẔМW(k)Ɫ (weight matrix)

Â ṷ ȲҠ∂ Ϛ memory matrix M 

Ç describes the sum of the weight matrices for every input/output 

pair. This can be written as

the memory matrix can be thought of as representing the 

collective experience.

kk xkWy )(=

ä
=

=
h

k

kWM
1

)(

hkkWMM kk ,,2,1for  ),(1 2=+= -

(3.3)

(3.4)

(3.5)
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Correlation Matrix Memory

Â Estimation of the memory matrix

Ç Outer product rule

Â Each outer product matrix is an estimate of the weight 

matrix W(k) that maps the output pattern yk onto the 

input pattern xk.

Ç An associative memory designed in outer product 

rule is called a correlation matrix memory

ä
=
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kk xyM
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hkxyMM T

kkkk ,,2,1for       ,ĔĔ
1 2=+= -

(3.6)

(3.7)
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Correlation Matrix Memory (cont.)

Ç █key pattern Ϥ Ȳᶦ memory matrix recall ᾼ
memorized patternȲ estimated memory matrixБ Ӧ(3.6)

ϠhװȲ⁄ Ϥ q key input xqȲ Ḗmemorized yq

ҠḂה(3.8) כ ( (3.6)҅Ϥ(3.8))

ḕ key input vectorẓצnormalized unit length.
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Correlation Matrix Memory (cont.)

Ç normalized unit lengthҠױ Ӧ ѿEuclidean 

normẃḖ ȸ

Ȳ(3.9)ҠḂױ֪ כ

ẔМ

2k

k

k
x

x
x «

(3.11)
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Correlation Matrix Memory (cont.)

Ç (3.13) і associated key pattern (y=yq, zq=0)

Â y=yqῶӱ ϤxqҠ ᾼ ẞẔ ᾼ ҏyqȴ

Â zqЛⱢ0ȲῶӱצnoiseἨcrosstalk̢

Ç key inputП ⱢorthogonalȲ⁄crosstalkⱢ0

Â Ҡױ֪ ẞperfect memorized patternȴ

Ç Ϥᾼkey inputП linearly independentȲ⁄Ҡ֯׀
֯ memory matrixП›ԒṿӣGram-Schmidt 

orthogonalizationẃ Ӣorthogonal input key vectorsȴ
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Correlation Matrix Memory (cont.)

Ç Gram-Schmidt orthogonalization∟ the 

associations are perfomed on the {gk, yk} pairs.

Ç If the key vectors form a set of orthonormal vectors, the 

upper limit on the storage capacity of the associative 

memory is n (the dimension of the input space).

Ç In general, the storage capacity of the associative 

memory is 

Â The storage limit depends on the rank of the memory 

matrix.

() nM ¢Ĕr
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Correlation Matrix Memory (cont.)

Â Example 3.1

Ç Autoassociative memory

The memory is trained with three key vectors:

Each of these vectors has unit length.
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Correlation Matrix Memory (cont.)

Ç The angles between these vectors:

Â These three vectors are far from being mutually orthogonal.

o

2221

211

12 9.101cos == -

xx

xx T

q (3.16)

o

2321

311

13 5.49cos == -

xx

xx T

q
(3.17)

o

2322

321

23 1.76cos == -

xx

xx T

q
(3.18)
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Correlation Matrix Memory (cont.)

Ç The memory matrix of the autoassociative 

network

Ç Using (3.19), the estimate of the input key 

patterns
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Correlation Matrix Memory (cont.)

Ç The Euclidean distance of the response vector 

from each of the key vectors.

9108.0Ĕ

9589.1Ĕ                6319.0Ĕ

21331

2122121111

=-=

=-==-=
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(3.21)
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d
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Correlation Matrix Memory (cont.)

Â Another key vector with unit length

Â The angles between these vectors 

ù
ù
ù

ú

ø

é
é
é

ê

è

-

-

=

ù
ù
ù

ú

ø

é
é
é

ê

è

-

-

=

ù
ù
ù

ú

ø

é
é
é

ê

è

-

-=

7349.0

2370.0

6354.0

               

6533.0

0587.0

7548.0

              

1629.0

9779.0

1309.0

321 xxx (3.24)

o

2221

211

12 9.92cos == -

xx

xx T

q (3.25)

o

2321

311

13 3.88cos == -

xx

xx T

q
(3.26)

o

2322

321

23 8.90cos == -

xx

xx T

q (3.27)



Chuan-Yu Chang Ph.D.

19

Correlation Matrix Memory (cont.)

Ç The memory matrix is

Ç The estimate of input key patterns
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Correlation Matrix Memory (cont.)

Ç The Euclidean distance of the response vector 

from each of the key vectors.

3758.1Ĕ
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Correlation Matrix Memory (cont.)

Â An error correction approach for correlation 

matrix memories

Ç The drawback of associative memory is the 

relatively large number of errors that can occur 

during recall.

Ç The  simplest correlation matrix memory has no 

provision for correcting errors

Â Lack of feedback from the output to input.
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Correlation Matrix Memory (cont.)

Ç The objective of the error correction approach is to have 

the associative memory reconstruct the memorized pattern 

in an optimal sense.

Ç The error vector is defined as

ẔМȲyk╥desired pattern with the key input pattern xk.

Ç The discrete-time learning rule based on steepest descent

kkk xMye )(Ĕ)( tt -=

)(Ð-=+ ɀMM
M
Ĕ)(Ĕ)1(Ĕ Ĕemtt

(3.33)

(3.34)
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Correlation Matrix Memory (cont.)

Â ẔМenergy functionứ כ

Â Computing the gradient of (3.35)

Â (3.36)҅Ϥ(3.34)

2

2

2

2
)(Ĕ

2

1

2

1
)Ĕ( kkk xMyeM te -==

T

kk

T

kkM
xxMxyM Ĕ)Ĕ(Ĕ +-=Ð e

T

kkk xxMyMM ])(Ĕ[)(Ĕ)1(Ĕ tmtt -+=+

(3.35)

(3.36)

(3.37)

Error vector
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Correlation Matrix Memory (cont.)

Ç ᾼה(3.37) ϡ МᾼМ╗ ᾼв ȲⱢ error 

vector( ṓ(3.33)) Ȳ֪ױẓצerror correctionᾼ
Ὠȴ

Ç (3.37) ҠḂ כ

ế(3.7)ѩ ẃȲֵϠ Ϯ ȴ

Ç ה(3.37) ὑerror correctionᾼ ה ╥ h

associationᾼḕ Л֝pattern Ἤ ẞ̢

T
kk

T
kk xxMxyMM )(Ĕ)(Ĕ)1(Ĕ tmmtt -+=+

hkyx kk ,,2,1for           , 2=

(3.38)

(3.39)

hkxyMM T

kkkk ,,2,1for       ,ĔĔ
1 2=+= -

(3.7)
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Correlation Matrix Memory (cont.)

Â Selecting the learning rate parameter (m)

Ç Fixed learning rate

Ç Adjustable learning rate with respect to time

Ç For each association, the iterative adjustments to the 

memory matrix (3.37) continue until the error vector ek

(3.33) becomes negligibly small.

Â The initial memory matrix

Ç The initial memory matrix M(0)=0.

Â ế(2.29)ѩ Ȳ (3.37)Ϸ╥LMS̢

[ ] )()()()()()1( kxkekwwJkwkw w mm +=Ð-+=+ (2.29)

T

kkk xxMyMM ])(Ĕ[)(Ĕ)1(Ĕ tmtt -+=+
(3.37)
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Backpropagation Learning Algorithm

Â Backpropagation algorithm
Ç Generalized delta rule

Ç Training MLPs with backpropagation algorithms results in a 
nonlinear mapping.

Ç The MLPs can have its synaptic weights adjusted by the 
BP algorithm to develop a specific nonlinear mapping.

Ç The fixed weights after the training process can provide an 
association task for classification, pattern recognition, 
diagnosis, etc.

Ç During the training phase of the MLP, the synaptic weights 
are adjusted to minimize the disparity between the actual 
and desired outputs of the MLP, averaged over all input 
patterns.
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Backpropagation Learning Algorithm (cont.)

Â Basic BP algorithm for the feedforward MLP

3 layers network

-1 output layer

-2 hidden layers
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Backpropagation Learning Algorithm (cont.)

Ç The standard BP algorithm for training of the MLP 

NN is based on the steepest descent gradient

approach applied to the minimization of an energy 

function representing the instantaneous error.

ẔМ dqῶӱ q inputᾼdesired output.

X(3)
out=yqⱢMLPᾼ ҏȴ
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T

outqq xdxdxdE (3.40)
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Backpropagation Learning Algorithm (cont.)

Ç Using the steepest-descent gradient approach, 

the learning rule for a network weight in any one 

of the network layers is given by

where s=1,2,3
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Backpropagation Learning Algorithm (cont.)

Ç The weights in the output layer can be updated 

according to

Ç Using the chain rule for the partial derivatives, 

(3.42) can be rewritten as

)3(

)3()3(

ji

q

ji
w

E
w

µ

µ
-=D m

(3.42)
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Backpropagation Learning Algorithm (cont.)

Ç иᵑ ᾼ֢ה(3.43)
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Local error, delta

Eqѿ(3.40)҅הϤ
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Backpropagation Learning Algorithm (cont.)

Ç Combining (3.43), (3.44), (3.46), the learning rule 

for the weights in the output layer of the network is

or

Ç In the hidden layer, applying the steepest descent 

gradient approach

)2(

,

)3()3()3(
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Backpropagation Learning Algorithm (cont.)

Ç Ңה(3.49) ᾼϡ и ȲҠῶӱכ
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Backpropagation Learning Algorithm (cont.)

Ç Combining equation (3.49), (3.50), and (3.52) 

yields

or

xw joutjji

)1(

,

)2()2()2(
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Backpropagation Learning Algorithm (cont.)

Ç Generalized weights update form

where (for the output layer)

(for the hidden layers)
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Backpropagation Learning Algorithm (cont.)

Â Standard BP algorithm
Ç Step 1: Initialize the network synaptic weights to small 

random values.

Ç Step 2: From the set of training input/output pair, present 
an input pattern and calculate the network response.

Ç Step 3: The desired network response is compared with the 
actual output of the network, and by using (3.56) 
and (3.57) all the local errors can be computed.

Ç Step 4: The weights of the network are updated according 
to (3.55).

Ç Step 5: Until the network reaches a predetermined level of 
accuracy in producing the adequate response for all 
the training patterns, continue steps 2 through 4.
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Backpropagation Learning Algorithm (cont.)

Â Some Practical Issues in Using Standard BP

Â Initialization of synaptic weights

Ç Initially set to small random values.

Â ╥ ыЄȲ−Ҡ .saturationכ

Ç Heuristic algorithm (Ham, Kostanic 2001)

Â Set the weights are uniformly distributed random 

numbers in the interval from -0.5/fan-in to 0.5/fan-in
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Backpropagation Learning Algorithm (cont.)

Â Nguyen and Widrowôs initialization algorithm
Ç Define ( ֥֯ẓצϚ ᾼ▐ )
Â n0: number of components in input layer

Â n1: number of neurons in hidden layer

Â g: scaling factor

Ç Step 1: Compute the scaling factor according to

Ç Step 2: Initialize the weights wij of a layer as random     
numbers between -0.5 and 0.5

Ç Step 3: Reinitialize the weights according to

Ç Step 4: For the i-th neuron in the hidden layer, set the bias 
to be a random number between ïwij and wij.

n n0
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Backpropagation Learning Algorithm (cont.)

Â Network configuration and ability of the network to 

generalize

Ç The configuration of the MLP NNӦϯԝἬḟứȸ

Â Hidden layerᾼ ȳḕ hidden layerᾼ а ȳ а
Ἤ ӣᾼactivation functionȴ

Â Network performanceᾼ Л֯ὑactivation functionᾼᶮהȲ
ᴖ֯ὑhidden layerᾼ ȳḕ hidden layerᾼ а ȴ

Â hidden layer а ╥ѿtrial and errorᾼѠהḟứȴ

Â MLP NNϚ 2צכ hidden layerȴ

Â Ϛ ᴖṕȲ ֵᾼHidden layer а ȲҠ’ good 

network  performanceȲᵀ╥Ϛ ɷover-designedò▐ Ȳ
ɷover-fitò Ȳᴖכ ҷ ᾼgeneralizationȴ
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Backpropagation Learning Algorithm (cont.)

Â Example 3.2

Ç MLPױ ẓצϚ hidden layerȲ50 аȴ

Ç Ϛ  ἤѠ ה

Ç (a)Training: ֯[0,4]П Ȳḕ0.2ậ Ϛ ȲԚ21 target mean square 

error=0.01ȴThe network converaged in only 5 epochs.

Ç (b)Testing: ֯[0,4]П Ȳḕ0.01ậ Ϛ ȲԚ401 ȴ

Â Training data overfittingכ

)3sin( xey x-=

ḟѠᾎ╥ ᵅ аᾼ
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Backpropagation Learning Algorithm (cont.)

Â Independent validation

Ç ṿӣtraining dataẃ ᴷ ∟ᾼperformance 

qualityȲ overfittingȴכ

Ç Ҡṿӣindependent validationẃ ᵍױ ȴ

Â Ҡӣᾼdataиכtraining setếtesting setȴ

Â Ϛ ỞԒ data randomizeȲ

Â Ȳԛ иכẒ иȸtraining setӣẃupdate

ᾼ ȴTesting setӣẃ ᴷtrainingᾼ
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Backpropagation Learning Algorithm (cont.)

Â Speed of convergence
Ç The convergence properties depend on the magnitude of 

the learning rate.

Â Ɫ’ ן Ȳѹ ᵍ ᾼ Ȳlearning rateӇ
דכ Њᾼ ȴ

Â ╥ ᾼ Ở global minimumȲ כ ֵ
аᾼ ếȲṿ ⇔ о ЊȲꜙᴟқ֯error surfaceᾼᶝ
Њ Ȳ ןכ ⇔ᾼ ȴ

Â ᶶ ᾎҠиכẒЄ ȸ
Ç Consists of various heuristic improvements to the standard BP 

algorithm

Ç Involves use of standard numerical optimization techniques

Â  ҵȲpreprocessing and reduction in the input data can resultױ
in improved performance and faster learning.

Ç PCA, FFT, WTé
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Backpropagation Learning Algorithm (cont.)

Â Backpropagation Learning Algorithm with 

Momentum Updating

Ç To update the weights in the direction which is a 

linear combination of the current gradient of the 

instantaneous error surface and the one obtained 

in the previous step of the training.

Ç The weights are updated according to

or
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(3.61)

(3.62)

Momentum term

Ғϱ›Ϛװᾼ ҏȲֽὨẒװ ҏᾼ
Ѡ֣Ϛ Ȳ⁄Ғ Ȳᵡ⁄ ȴ
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Backpropagation Learning Algorithm (cont.)

Ç This type of learning improves convergence 

Â If the training patterns contain some element of 

uncertainly, then updating with momentum provides a 

sort of low-pass filtering by preventing rapid changes in 

the direction of the weight updates.

Â Render the training relatively immune to the presence of 

outliers or erroneous training pairs.

Â Increase the rate of weight change, and the speed of 

convergence is increased.
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Backpropagation Learning Algorithm (cont.)

Ç › ᾼ Ҡῶӱכϯԝᾼupdate equation

Ç ֽὨ ╥ ᵂ֯error surfaceᾼӂỌ Ȳ⁄gradient Л Ḃ
Ȳ֪(3.63)ױҠῺᴿכ

Ç Ӧὑforgetting factor ╥Њὑ1ȲἬѿeffective learning rateҠứכ

()( )
()

()

()( )11 -D+
µ

µ
-=+D kk w

w

E
w

s

jis

ji

qss

ji
am

()( )
()

()

()

()

()

()

()( )
()

()

()
w

E

w

E

w

E

w

E

w

E
w

s

ji

q

s

s

ji

qs

s

ji

qs

s

ji

qs

s

ji

qss

ji
k

µ

µ

-
-º

µ

µ
+++-=

+
µ

µ
-

µ

µ
-

µ

µ
-º+D

a

aa

a

m

m

mamm

1

1

1

2

2

3

3

()
()

a

m
m

-
=

1

s

s

eff

(3.63)

(3.64)

(3.65)



Chuan-Yu Chang Ph.D.

46

Backpropagation Learning Algorithm (cont.)

Â Batch Updating
Ç ᾼBP ᾼḆ ╥ ḕϚ input/output 

training pairȴ

Ç Batch-updating ⁄╥ ֵᾼtraining patternИ
ẃḆ ȴ(Ҡ Ɫ ֵ ᵑI/O pairᾼ Ӕ
ӂᶁ∟ԛ Ӕ ) ȴ

Ç Batch-updatingẓצϯԝ ȸ
Â Gives a much better estimate of the error surface.

Â Provides some inherent low-pass filtering of the training 
pattern.

Â Suitable for more sophisticated optimization procedures.
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Backpropagation Learning Algorithm (cont.)

Â Search-Then-Converge Method

Ç A kind of heuristic strategy for speeding up BP

Â Search phase

Ç The network is relatively far from the global minimum. The 

learning rate is kept sufficiently large and relatively constant.

Â Converge phase

Ç The network is approaching the global minimum. The 

learning rate is decreased at each iteration.



Chuan-Yu Chang Ph.D.

48

Backpropagation Learning Algorithm (cont.)

Ç ֪Ɫ ϱ ᾎ῀ global minimumֵצ
Ȳ֪ױҠѿϯԝẒהẃᴷ ȸ

Â ӐϱȲ1<c/m0<100, 100<k0<500

Â k<<k0 learning rateῺᴿὑm0̢ (search phase)

Â k>>k0 learning rateѿ1/kẞ1/k2ᾼѩẂ ю
(converage phase)
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Backpropagation Learning Algorithm (cont.)

Â Batch Updating with Variable Learning Rate

Ç A simple heuristic strategy to increase the 

convergence speed of BP with batch update.

Ç To increase the magnitude of the learning rate if 

the learning in the previous step has decreased 

the total error function.

Ç If the error function has increased, the learning 

rate need to be decreased.
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Backpropagation Learning Algorithm (cont.)

Ç The algorithm can be summarized as

Â If the error function over the entire training set has decreased, 
increase the learning rate by multiplying it by a number h>1
(typically h=1.05)

Â If the error function has increased more than some set 
percentage x, decrease the learning rate by multiplying it by a 
number c<1 (typically c=0.7)

Â If the error function is increased less than the percentage x, 
the learning rate remains unchanged.

Ç Apply the variable learning rate to batch updating can 
significantly speed up the convergence.

Ç The algorithm easily be trapped in a local minimum.

Â Ҡ ứ Њlearning rate mmin
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Homework

Â Write a program using a MLP to classify the digits (0-9).

Ç The number of neurons in the output layer should be equal to the 

number of digits. 

Ç Each of the digits is represented as a 9x4 matrix of binary 

numbers. 

Ç The input training patterns can be generated from each digit as a 

vector resulting from applying the vector operator to each matrix 

representing the digit. 

Ç After the network is trained, introduce random noise into the digit 

representations, and test the performance of the neural network.
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Backpropagation Learning Algorithm (cont.)

Â Vector-Matrix Form of the BP Algorithm

Ç (3.4)Ҡứ ẗ Ɫȸ

Ç ṿӣsteepest descent approachȲthe synaptic 

weight update equation can be written as
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Backpropagation Learning Algorithm (cont.)

Ç Applying the chain rule to (3.68)

Ç (3.70)ᾼ ϡ Ҡ כ

Ç (3.70)ᾼ Ϛ ȲϚ Ɫsensitivity 

() ()

()

()

w

E

w

E
s

ij

s

i
s

i

q

s

ij

q

µ

µ
Ö

µ

µ
=

µ

µ u
u

()

() ()

() ( ) ( )

xxw
ww

s

jout
h

s

hout

s

ihs

ij

s

ij

s

i
ns

1

,
1

1

,

1
-

=

-
=
ö
ö

÷

õ

æ
æ

ç

å

µ

µ
=

µ

µ
ä
-u

()

()

u
d s

i

qs

i

E
µ

µ
-¹

(3.70)

(3.71)

(3.72)



Chuan-Yu Chang Ph.D.

54

Backpropagation Learning Algorithm (cont.)

Ç Use (3.70) and (3.71)  to rewrite (3.69) as

or in vector-matrix form

where D(s) represents the sensitivity vector of the 

sth layer
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Backpropagation Learning Algorithm (cont.)

Â Calculation of the sensitivities

Ç The sensitivity vector of the output layer

where g(x)=df(x)Ɫactivation functionᾼϚ и
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Backpropagation Learning Algorithm (cont.)

Ç (3.76)҅Ϥ(3.75) Ȳ⁄ ҏ ᾼsensitivity vector

Ҡῶӱכ

Ç ṿӣ(3.75)הᾼứ цchain ruleȲ ϡ ᾼ
sensitively vectorҠῶӱכ ҏ ᾼsensitively 

vectorᾼẗ
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Backpropagation Learning Algorithm (cont.)

Ç ẔМȲ(3.78)הМᾼsensitivityҠῶӱכJacobian 

matrix

Ç Ϛ ᾼsensitivity vectorҠῶӱכ
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Backpropagation Learning Algorithm (cont.)

Ç Jacobian matrixМᾼаה(3.79)

Ç ȲJacobian matrixҠḂהϤ(3.79)҅ה(3.81) כ

ẔМ
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Backpropagation Learning Algorithm (cont.)

Ç ∟ Ẇ∟ȲҠ֥הц(3.78)ה(3.82)

֝ Ȳ Ϛ ᾼsensitivityҠῶӱכ

() ()( ) () ()

DWGD
T 3322

u=

() ()( ) () ()

DWGD
T 2211

u=

(3.83)

(3.84)



Chuan-Yu Chang Ph.D.

60

Backpropagation Learning Algorithm (cont.)

Â Vector-matrix form of the BP algorithm

Ç Step 1: Present an input pattern and calculate the outputs 

of the network and all the internal layers.

Ç Step 2: For each of the layers, calculate the sensitivity 

vector according to 

Ç Step 3: Update the synaptic weights of the network 

according to

Ç Continue steps 1 through 3 until the network reseachs the 

desired mapping accuracy.
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Accelerated Learning BP Algorithm

Â Conjugate Gradient BP for the Feedforward 

Multilayer Perceptron

Ç Conjugated Gradient╥Ϛ ֤ᾼ ѠᾎȲӣẃ
Л֝ᾼ Ṿо ȲһҠ Ɫ ị ᾎếѳ

ᾎᾼ᷉ ȴ

Ç ֯ ᾼ ῺȲ МἬצ ᾼ ẗ Ҡ
Ϛ ϡװѠ ה ᾼᴷ ȸ
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Accelerated Learning BP Algorithm (cont.)

Ç МᾼQ╥Ϛה(3.85) ϡװ иᾼѠ ȲHessian 

Matrixȴ

Ç Conjugated gradient algorithmԍ ᷄error 

surfaceᾼconjugateѠ֣Ȳṳѹ֯ױѠ֣ϱupdate

ȴ

Ç ӦὑHessian matrix Qᾼ ד Ȳ֪ױЄ
иᾼconjugated gradient algorithm ᷄
conjugateѠ֣ᴖЛὙ Hessian matrixȴ

Â ḕϚ а▐ Ϛ normal equationȲ ∟ԛṿӣ
conjugate gradientᾎ ҅ᾼҟ normal equationȴױ
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Accelerated Learning BP Algorithm (cont.)

Â Normal equations for the linear combiner

Ç MLP NNᾼ s ᾼ i linear combinerᾼ ҏҠῶ
ӱכ

Ç ḕϚ combinerᾼdesiredⱢБ῀Ȳ⁄
ᾼӭ ֯ὑṿcost functionᾼӂѠ Њȸ
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Accelerated Learning BP Algorithm (cont.)

Ç (3.86)҅Ϥ(3.87)הȲҠ
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Accelerated Learning BP Algorithm (cont.)

Ç ҠḂ(3.89)ה כ

Ç Ci
(s)Ҡ Ɫ s Ϥ֣ ᾼcovariance matrixᾼᴷ
Ȳpi

(s)⁄Ɫ s ᾼ Ϥếlinear combinerᾼ
desired output ᾼcross-correlation vector.

Ç ᾼ Ҡ ⱢҔᵶ҃ ᾼ ᾼϚ

Â ᶦ desiredếactual outputᾼ Ɫ0̢
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Backpropagation Learning Algorithm (cont.)

Â BP with Adaptive Slopes of Activation Function

Ç For the standard BP, the rate of the update is 

proportional to the derivative of the nonlinear 

activation function.

Ç See Fig. 3.6, ֯ ᾼ Ȳ аᾼ ҏҠ
Ϥ ẗ ᾼ ế Ȳṿ ẗ ᾼ и

ד ЊȲ כ ᾼ ד ȴ

Â ḟѠᾎȸ

Ç ᵅ ẗ ᾼ Ȳѿ ю ế ᾼ ȴ

Ç Optimal activation function slope that balances the speed of 

the network training and its mapping capability
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Backpropagation Learning Algorithm (cont.)

Typical MLP NN activation function Derivative of the activation function in (a)



Chuan-Yu Chang Ph.D.

68

Backpropagation Learning Algorithm (cont.)

Ç ṿӣ  ᾼminimize performance֝דה(3.40)
criterion

ẔМȲsῶӱ ᾼ ȴdⱢdesired ҏ, xⱢ
ҏȴ

Ç Sigmoid activation function

ẔМuⱢ Ϥ gⱢ ȴ
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Backpropagation Learning Algorithm (cont.)

Ç s i аᾼ Ḇ Ɫ

Ç ᵓӣchain ruleȲ⁄(3.115)הᾼ ϡ ҠḂ כ
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Backpropagation Learning Algorithm (cont.)

Ç ӣ(3.114)הᾼactivation functionȲ⁄

Ç (3.116~3.118)҅Ϥ(3.115) Ȳ⁄ ẗ ᾼ
Ḇ Ѡ Ɫה
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Bcakpropagation algorithm with adaptive 

activation function slopes

Â Step 1: Initialize the weights in the network according to the 

standard initialization procedure.

Â Step 2: From the set of the training input/output pairs, present 

the input pattern and calculate the network response.

Â Step 3: Compare the desired network response with the actual 

output of the network, and the local errors are computed using

Â
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Bcakpropagation algorithm with adaptive 

activation function slopes (Cont.)

Â Step 4: The weights of the network are updated 

according to

Â Step 5:The slopes of the activation functions are 

updated according to

Â Step 6: Stop if the network has converged; else go 

back to step 2.
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Levenberg-Marquardt Algorithm

Â The Levenberg-Marquardt BP Algorithm represents 
a simplified version of Newtonôs method applied to 
the problem of training MLP NNs.

Â Summary of the Newtonôs optimization algorithm
Ç Finding a vector w that minimizes a given energy function 

E(w).

Ç According to Newtonôs method, an iterative procedure will 
accomplish this minimization task by follows steps:

Ç Step 1: Initialize the components of the vector w to some 
random values.

Ç Step 2: Update the vector w according to

Ç

kkkk gHww
1)()1( --=+ (3.120)
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Levenberg-Marquardt Algorithm (cont.)

Ç Where matrix H-1
k represents the inverse of the 

Hessian matrix. The Hessian matrix is given by

Ç The vector gk represents the gradient of the 

energy function, computed as
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Levenberg-Marquardt Algorithm (cont.)

Ç ᴖȲ(3.120)צהϚ Ễᾼ Ȳᵛ Hessian 
matrixᾼч Ȳ֪ױȲLMBP ẁϚҠᴩᾼ ᴿậ҅ȴ

Ç ֽ 3.4ᾼMLP Ȳ ᾼ Ҡ Ɫ֯᷄ Ϛ
ȲṿἬצpattern֯ ᾼdesiredếactual output

ᾼ Њоᾼ ȲֽὨpatternᾼ צ Ȳ⁄
energy functionҠ כ

ẔМȲQ╥training patternᾼ ȲwⱢἬצ ᾼ֣ Ȳ
dqⱢdesired Ȳx(3)

out, qⱢ q pattern ᾼ
ҏȴ
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Levenberg-Marquardt Algorithm (cont.)
Â Newtonôs method Ȳṿ ẗ Њоᾼ Ṿоᾼ

ҠӦϯה :

ẔМ

Â ҆p=n3QȲ⁄(3.123)Ҡ כ

ẔМ

kk gHkwkw 1)()1( --=+

)(

2 )( kwwk wEH =Ð=

)()( kwwk wEg =Ð=

(3.124)

(3.125)

(3.126)
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Levenberg-Marquardt Algorithm (cont.)

Â הᾼgradientҠӦϯה(3.126)
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Levenberg-Marquardt Algorithm (cont.)
Â Hessian matrixᾼ k,j а Ҡῶӱכ

Â ṿӣ(3.130)הᾼJacobian matrix₤הȲHessian matrixҠ
ῶӱכ

Â

ẔМȲSⱢϚ ϡ и

Â Ὼ ẗ ᾼ Њ Ȳ Sᾼа −ЊȲ
ȲHessian matrixҠױ֪ ᴿכ
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Levenberg-Marquardt Algorithm (cont.)

Â (3.129)ế(3.134)҅Ϥ(3.124)ᾼnewtonôs method ȲҠ

Â Ҡה(3.135) ֯ḖH=JTJᾼч ҏ Ȳ֪ױ
(3.134) Њ ᾼ Ḃ

Â ẔМȲm╥Ϛ Њ ȲIⱢidentity matrix

Â (3.136)҅Ϥ(3.135)Ҡ
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Levenberg-Marquardt Algorithm (cont.)

Â Ẕה(3.137) ╥ ị ᾎếѳ ᾎП ᾼ

Â Мᾼmה(3.137) −Њ Ȳ⁄(3.137)Ὼᴿὑ(3.135)הᾼ
ѳ ᾎ;

Â Мᾼmה(3.137) Є Ȳ⁄(3.137)הМ╗ вᾼ ϡ
ѻ ҠḂה(3.137)ױȲ֪ה(3.137) כ

Â ứ ak=1/mkȲṳṿӣ(3.129)הȲ⁄(3.138)ҠḂ כ
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Levenberg-Marquardt Algorithm (cont.)

Â LMBP ᾎᾼ Є ֯ὑJacobian matrix J(w)ᾼ
Ȳ Мᾼḕ а ᾼ ֽϯ:

Â ᾼה(3.140) иהȲҠӣϯהẃῺᴿ

ẔМreiῶӱ֪ Њᾼ оr wjἬ ᾼכ ҏ
ᾼḂ
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Levenberg-Marquardt Algorithm (cont.)

Â Levenberg-Marquardt BP Algorithm

Ç Step 1: Initialize the network weights to small random 

values. Set the learning rate parameter.

Ç Step 2: Present an input pattern, and calculate the output 

of the network.

Ç Step 3: Use (3.141) to calculate the elements of the 

Jacobian matrix associated with the input/output pairs.

Ç Step 4: When the last input/output pair is presented, use 

(3.137) to perform the update of the weights.

Ç Step 5: Stop if the network has converged; else go back to 

Step 2. 
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Levenberg-Marquardt Algorithm (cont.)

Â Additional remarks:

Ç The weight update approach presented here is a 

batch version of the LMBP algorithm.

Ç The learning rate parameter mk can be modified 

dynamically during the learning process.

Ç The Jacobian matrix used in the update equation 

need not be computed for the entire set of 

input/output training pairs.
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Counterpropagation

Â Counterpropagation networks

Ç Ӧ Hecht-Nielsen (1987)Ἤ ҏȴ

Ç һᾼғ ֽ֝Ϛ ᴞ (self-programming)ᾼ
Ṿ▲ ῶ(lookup table) Ȳ ẁ Ϥế ҏ
Ӑ ᾼ ֣ ȴ

Ç Counterpropagation networksᾼן ⇔ѩMLPᶶȲ
ᵀẔἬ ᾼ а ѩMLPֵȴ

Ç Counterpropagation networksᾼ▐ иכẒ ȸ

Â Forward-only counterpropagation networks

Â Full counterpropagation networks
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Counterpropagation (cont.)

Â Forward-only counterpropagation networks

Ç Ӧ Ϥ (input layer)ȳ (hidden layer)ȳц ҏ
(output layer)Ἤ ȴכ

Ç Ẓ ӦЛ֝ᾼlearning algorithmẃ ȴ

Â Kohonenôs  self-organizing learning rule

Â Grossbergôs learning rule
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Counterpropagation (cont.)

Ç ֯ ᾼ Ȳ ẁdesired patternȴ

Ç KohonenếGrossberg ᾼ ╥иᵑ ᾼȴ

Â Ϥ֣ ế Ϥ ᾼ ȴ

Â Ȳױ֪ ᾼ ҏҠӦϯԝ Ԉ ҏẃȸ

( аᾼ Ϥ Ӑ Ὼᾼ а ҏ1ȲẔ҃ᾼ ҏ0)

( ) ( )ä
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-=-==
n

k

jkkjjj wxwxwxdistz
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2
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ë ¢
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otherwise0

 allfor  ,zfor which integer smallest   theis  if1 j jzi
z

i

i
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Counterpropagation (cont.)

Â Ȳ Kohonenôs self-organizing learning ruleḆ ȸ
(ҬḆ winner neuronȲẔ҃ᾼ аᾼ ЛḆ ᴖѹ

a╥ װ ᵅᾼ) ȴ

Â ҏ ᾼ Ȳ⁄ Grossbergôs learning ruleḆ ȸ
(Ҭצ Мwinner аד ᾼ Ḇ )

( ) ()[ ] () ()xkkwkkw jj aa +-=+ 11

( ) () () ()[ ]ijjijiji zykukkuku +-+=+ b1

(3.144)

(3.145)
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Counterpropagation (cont.)

Â Algorithm for training counterpropagation networks

Ç Step 1: ḟứи ᾼ N( аᾼ )Ȳṳѹѿ
ᾼᶮה╓ứ ȴ

Ç Step 2: ẁ Ϥ ӐxȲế ᾼ ҏyȴ

Ç Step 3: (3.142) Ϥ Ӑế Ϥ ᾼ ȴ

Ç Step 4: (3.143) ᾼ ҏȴ

Ç Step 5: (3.144)Ḇ Kohonen ᾼ ȴ

Ç Step 6: (3.145)Ḇ Grossberg ᾼ ȴ

Ç Step 7:ֽὨ ן ⁄ ѦȲᵡ⁄֫ẞStep 2 ᴩȴ
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Counterpropagation (cont.)
Â Example 3.3

Ç Designing a neural network to approximate the function

y=1/(x+1) in the interval[0,4].

Ç A forward-only counter propagation network that has 20 

neurons in the hidden layer.

Ç The learning rate is set to 0.95 and decreased  according to

Ç The network trained for 50 epochs.
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Counterpropagation (cont.)

Â Full counterpropagation

Ç Forward-only counterpropagation networksҬ ẁ
Ѡ֣ᾼ ȴ(Ӧ Ϥ ϤȲҠḖ

ᾼ ҏ)

Ç Full counterpropagationҠ ẁ ֣ᾼ ȴ
(Ӧ Ϥ ϤȲҠḖ ᾼ ҏȲчПӼ )

Ç Full counterpropagation networksצҳ ȸ

Â Ϥ xȲy и ᾼ ѿKohonenôsᾎẃ ȴ

Â и Ẓ ҏ ᾼ ѿGrossbergôsᾎẃ ȴ
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Counterpropagation (cont.)
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Â Algorithm for training full counterpropagation networks

Ç Step 1: ḟứи ᾼ N( аᾼ )Ȳṳѹѿ ᾼᶮה╓ứ
ȴ

Â WếVᾼῴỞ ╥Юὑ Ϥxᾼ Є Њ П ̢

Â UếTᾼῴỞ ╥Юὑ Ϥyᾼ Є Њ П ̢

Ç Step 2: ϯה Ϥ Ӑxế Ϥy ᾼ ȴ

Ç Step 3: ϯה ᾼ ҏȴ

Ç Step 4: ϯהḆ Kohonen ᾼ ȴ

Ç Step 5: ϯהḆ Grossberg ᾼ ȴ

Ç Step 6:ֽὨ ן ⁄ ѦȲᵡ⁄֫ẞStep 2 ᴩȴ
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Examples

Â Copyright authentication for images with a full 
counter-propagation neural network

Ç Chuan-Yu Chang, Hung-Jen Wang, Sheng-Jyun 
Su, Expert Systems with Applications, Vol.37, 
pp.7639-7647, 2010. (SCI)

Â Copyright-Proving Scheme for Audio with 
Counter-propagation Neural Networks

Ç Chuan-Yu Chang, Hung-Jen Wang and Wen-Chih 
Shen, Digital Signal Processing, Vol. 20, pp.1087-
1101, 2010. (SCI)

counterpropagation/2005_ICNSC_preview1.ppt
counterpropagation/Copyright authentication for images with a full counter-propagation neural network.pdf
counterpropagation/NCS演講/NCS_Speech_new.ppt
counterpropagation/NCS演講/JDSP_published.pdf
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Radial Basis Function Neural Networks

Â Radial Basis Function Neural Networks

Ç Є ӫ ᾼᶝטּ ғ Ȳẓ ṏֻᾼ╣ ϩȴ

Ç ẃ ᴩ Ϥế ҏ֣ Ὲ ᾼ ἤ ȴ

Ç RBFNN╥ѿẗ ῺᾼѠהẃ∂

Ç RBF NNӦϮ аἬ ȸinput layerȳhidden layer (ϭכ
Ɫnonlinear processing layer) ȳц ҏ (output layer)
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Radial Basis Function Neural Networks (cont.)

Ç RBF NNᾼ ҏứ ֽϯȸ

Ç ẔМȲNⱢ аᾼ ȲxⱢ Ϥ֣ ȲcⱢ Ϥ
֣ Ὲ ᾼRBFМїȲwⱢ ҏ ᾼ ȴ

Ç fk(.)צ ֵ ᶮֽהϯἬӱ
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Radial Basis Function Neural Networks (cont.)

Ç ϱ ᾼactivation functionМȲsӣẃ ạRBFᾼ
⇔Ȳ Ɫspread parameterȲМї ck╥ ứ ᾼ
Ȳ ᴩ Ϥ֣ Ὲ ᾼ ậ ȴ
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Radial Basis Function Neural Networks (cont.)

Ç ֯ Мᾼḕ аȲ ϤxiếẔ ᾼ
МїciП ᾼEuclidean Ȳṳ ױ fk∟Ȳ
כ ᾼ ҏȴ

Ç ∟ ױ ҏ ϱ ᾼ Ғ Ȳᵛ ҏyiȴ

Ç ֪Ɫ ҏ ᾼ аП ṳ Фד …ȴ֪ױy1~ym

Ҡ ⱢӦֵ Ϛ ҏȲԚӣ ᾼֵ ҏ ȴ
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Radial Basis Function Neural Networks (cont.)

Â Training the RBF NN with Fixed Centers
Ç ќ RBF NN ἤ ᾼẒ
Â ế ҏ ᾼweightȲwik

Â Radial basis functionᾼМї Ȳck

Ç Broomhead∂ Ϥ ӐМ Ϛ Ϥ Ӑ ⱢМї ȴ

Ç ӐᾼPDF Ṝ ֵᾼcentersȲᵀ− ҟ о ֵюᾼ
Мї И╥ ᾼȴ֪ױȲϚ ỞҠ ӣד Є ᾼМї Ȳԛ
ṿӣṆ оᾼѠᾎ ϚṷЛ ᵅ ϩᾼМї ȴ

Ç ϚӎМї ứП∟Ȳ ᾼ ҏҠῶӱכ

ẔМQⱢ Ϥ Ӑᾼ

( ) Qqcqxwqy k

N

k

ik 1,2,...,  ,),()(Ĕ
1

==ä
=

f (3.147)

ϠN Мї
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Radial Basis Function Neural Networks (cont.)

Ç (3.147) ѿ֣ ᾼ₤הῶӱכ
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ᾼ ҏ ҏ ᾼ

ҏ

Q Ϥế n Мї
ᾼEuclidean distance
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Radial Basis Function Neural Networks (cont.)

Ç ֪ⱢМї ck╥ỆứᾼȲ֪ױ ֯ ᾼ
Ϸ╥ỆứȲἬѿ ᾼ Ҭ֯ὑ ҏ Ȳ
Ȳױ֪ ếdesired ҏᾼMSEҠῶӱכȸ

Ç Ϥ(3.150)҅ה(3.149)
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Radial Basis Function Neural Networks (cont.)

Ç ה(3.151) ЊоȲѿḖ w

0
)(
=

µ

µ

w

wJ

0=FF+F- wy T

d
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dd

TT yyw +- F=FFF= 1)(

(3.152)

(3.153)

(3.154)

pseudoinverse

ֽὨМї ᾼ ӭЄὑ ὑtraining patternᾼ Ȳ⁄ ᾼ
ҏếdesired ҏᾼ −Њȴ
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Radial Basis Function Neural Networks (cont.)

Ç (3.154)Ҡכҏ֯Ệứ Мїᾼ ᾓϯȲ ᾼ
ẞϚ Ệứ Ȳ RBF NNѩBPế

counterpropagationᾼ Ḇᶶ ȴ

Ç ֽὨМїᾼ ӭЄὑ ὑtraining patternᾼ ӭȲ
⁄ ᾼ ҏếdesired ҏП ᾼ −ЊȲ
Ṷ ϱֽὨṿӣ(3.154)Ȳ⁄(3.151)הᾼerror 

ὑ0ȴ
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Radial Basis Function Neural Networks (cont.)

Â Example 3.4

Ç Ϛ RBFNNẃῺᴿ ἤѠ ה

Ç Interval [0,4] hidden layer: 21 neurons̢

Ç Fig. (a) :trainingȸậ 0.2ȲἬѿ 21צ аȴ
(Мї ᵛⱢ21ױ ậ Gaussian RBF, s=0.2)

Ç Fig. (b) :testingȸậ 0.01Ȳ401צ ậ ȴ

)3sin( xey x-=

ṷ ᾼover-fit

ד ὑBPБ
ֻ−ֵȴ
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Radial Basis Function Neural Networks (cont.)

Â Setting the spread parameter

Ç spread parameter s ѿϯԝᾼheuristicḖ

Ç ṿӣ(3.155)הȲ М аᾼradial basis functionҠῶ
ӱכ

ᴕ ה

K

dmax=s

ö
ö

÷

õ

æ
æ

ç

å
--=

2

2

max

exp),( kk cx
d

K
cxf

(3.155)

(3.156)

ᾼМї П
ЄᾼEuclidean 

Мї ᾼ

() ( )  /exp 22 sf xx -=
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Radial Basis Function Neural Networks (cont.)

Â RBF NN Training algorithm with fixed centers
Ç Step 1:

Â Choose the centers for the RBF functions

Ç Step 2:

Â Calculate the spread parameter sfor the RBF functions 
according to (3.155)

Ç Step 3: 

Â Initialized the weights in the output layer of the network

Ç Step 4: 

Â Calculate the output of the neural network according to (3.149)

Ç Step 5:

Â Solve for the network weights, using (3.154)
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Radial Basis Function Neural Networks (cont.)

Â Training the RBF NN using the Stochastic 

Gradient Approach

Ç ỆứМї ᾼRBF NNҬצ ҏ ᾼ Ҡѿ Ȳ
ϱ− ȴᵀ Ϥ֣ М᷄ҏ ᾼМї
Л ὔȴ֪ױӇ Ϥᾼ М Є ᾼМї Ȳ
ד╥ᵛṿכ ᾼ Ȳ ᾼ▐ Ь ד ȴ

Ç Stochastic gradient approachᾼRBF NNб
ᾼἬצᾼϮ ( ȳМї ᴯ цRBFᾼ
⇔)
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Ç ứ instantaneous error cost function

Ç RBF GaussianȲ⁄(3.157) כ

Ç ᾼḆ Ѡ ϯȸֽה
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Radial Basis Function Neural Networks (cont.)

Â RBF NN Training algorithm with stochastic gradient-based 
method

Ç Step 1: 

Â Choose the centers for the RBF functions from input vectors 
randomly.

Ç Step 2:

Â Calculate the initial value of the spread parameter for the RBF 
function according to (3.155).

Ç Step 3: 

Â Initialize the weights in the output layer of the network to some small 
random values.

Ç Step 4: 

Â Present an input vector, and compute the network output according 
to

{ }ä
=

Ø

=
N

k

kkk cnxwny
1

,),()( sf
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Radial Basis Function Neural Networks (cont.)

Ç Step 5: 

Â Update the network parameters .

Â ẔМ

Ç Step 6: 

Â Stop if the network has converged; else, go back to step 4.

)()()()1( nnenwnw w Y+=+ m
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Radial Basis Function Neural Networks (cont.)

Â stochastic gradient-based methodᾼ ἤ
Ç ד ὑoutput layerᾼ Ȳinstantaneous error cost function╥Ϛ

פ (convex) Ȳᵀ ϱȲRBF NNᾼМї ếspread 

parameterᾼᴯ ṳЛϚứ╥convexȲ֪ױ  trainingכ

algorithm қ֯local minimumᾼצ ֣ȴ

Ç Ϛ ᴖṕȲLearning rate parameters mw, mc, ms Л֝כ

Ç The learning rules are still less complex than BP. ֪ⱢRBF NNҬ
output layerᾼ ȴ
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Radial Basis Function Neural Networks (cont.)

Â Orthogonal Least Squares
Ç RBF NNᾼѻ ╚ ֯ὑМї ᾼ Ȳ ╥ѿ
ᾼѠהἨ╥stochastic gradient ᾎȲᵀ ╥ דכ Єᾼ
ȴ

Ç OLS (Orthogonal Least Squares) ẁϚṆ оᾼМї
ѠהȲҠЄ ᾼ ᵅ RBF NNᾼЄЊȴ

Â Ἤצ ẂꞋ Ɫ ֯ᾼМї
Â װ ֯ᾼМї ậ ᾼМї ( ậṿ ҏ ю
῏Ɫ Мї )

Â Ḕ ϡȲ Ӧװ Ϥ ẂМ╚ Ϛ ҏ Њ῏ Ɫ
ҒϤᾼМї Ȳ᾿ẞ ֥OLS ậМї ᾼ Ѧ Ȳ

Ѧ

Ç Gram-Schmidt orthogonalization
Â Ϛ Mи Ẓ ᾼ ȴ( Ϛ M֣ כ
Ϛ ₣᾿ Ἁ֣ WȲṿ₣᾿ ἉW ᾼῈ ếMϚ )

M=WA (3.162)
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Radial Basis Function Neural Networks (cont.)

Ç ẔМ AⱢϱϮṔ

WӦm ФӔӻᾼ֣ד Ἤ כ

Ç Orthogonal decomposition theorem

Â Any vector  can be decomposed uniquely with respect to the 
subspace  into two mutually orthogonal parts. One part is 
parallel to the subspace Y , and the other is perpendicular to it
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),...,,(diag 21 m

T hhhWW =

(3.163)

(3.164)

emm +=
Ø

(3.165)eƍY
M᷾ ᴟῈ Y
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Radial Basis Function Neural Networks (cont.)

Â Gram-Schmidt orthogonalization algorithm

Ç Step 1: 

Â Set the first basis vector equal to one of the columns of 

matrix M.

Ç Step k:

Â Extract the k-th basis vector so that it is orthogonal to 

the previous k-1 vectors

Repeat step k until k=m

11 mw =

i

T

kik wm=a 11 -¢¢ ki
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Orthogonal decomposition theorem

m1=w1

m2

m3

w2

w3
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Radial Basis Function Neural Networks (cont.)

Â Orthogonal Squares Regression

Ç RBF NN Ҡ ⱢϚ ₤(regression model)

ậ ᾼМї Ȳṳ∂ RBFNN∟Ȳ Ἤצ
training pattern҅Ϥ(3.166)Ҡ

Ç Ἠ

ù
ù
ù
ù
ù

ú

ø

é
é
é
é
é

ê

è

+

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

ù
ù
ù
ù
ù

ú

ø

é
é
é
é
é

ê

è

=

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

QNNNQQQ

NN

NN

d

d

d

e

e

e

w

w

w

cxcxcx

cxcxcx

cxcxcx

Qy

y

y

44

3

3333333333333333333

3

3

4

2

1

2

1

2211

2222112

1221111

),,(),,(),,(

),,(),,(),,(

),,(),,(),,(

)(

)2(

)1(

sfsfsf

sfsfsf

sfsfsf

ewyd +F=

(3.166)

(3.167)

Errors between desired 

and actual network output

ԚצQ Мї Ȳ ӣԓ Q Мї ȲҠ
ẞerror-free mapping ᵀ כ sizeы
Єȴ֪ױҠᵓӣOLSẃ N Мї ȲN<Q
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Radial Basis Function Neural Networks (cont.)

Ç ֯OLS ᾼḕ ◕ȲҠ ṿdesired outputᾼ Ғ
Єᾼ Ϥ כ ᾼМї ȴ

Ç N<QᾼМї

Ç The least-squares solution yielding the weights

Ç The actual output of the network

Ç By using the Gram-Schmidt orthogonalization, the regression 

matrix can be decomposed as

dyūw
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=
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== wwūy Nfff 2,, 21

[ ]

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

==

1000

10

1

223

11211

3

333333333

3

3

3 N

N

aa

aaa

N21 b,,b,bBAū

(3.168)

(3.169)

(3.170)



Chuan-Yu Chang Ph.D.

117

Radial Basis Function Neural Networks (cont.)

Ç МȲAⱢϱϮṔה(3.170) Ȳѹ Ṕ Ɫ1ȴB⁄
╥ӦἒדױФӔӻᾼ֣ Ἤ כ

Ç HⱢϚ Ṕ ȲẔ ԝа hiᾼ Ɫ

Ç (3.170)҅Ϥ(3.167)הȲҠ
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(3.173)
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Radial Basis Function Neural Networks (cont.)

Ç A least-squares solution for the coordinate vector g is 

given as

Ç The i-th coordinate of the vector        is given by

Ç ӭ ҏ ydᾼӂѠế

d

T

dd

TT
yBHyByBBBg

11)( -+-
Ø

===

i

T

i

d

T

i
ig

bb

yb
=

ä
=

+=+=+=
N

i

T

ii

TTTTT

d

T

d gh
1

2
eeeeHggeeBgBgyy

(3.174)

(3.175)

(3.176)

gĔ



Chuan-Yu Chang Ph.D.

119

Radial Basis Function Neural Networks (cont.)

Ç Defined the error reduction ratio due to the 
inclusion of the p-th RBF center as

Ç Мї ᾼ ậ☼ ╥ training pattern Ϥ
МȲ ҏ ϯ Є [err]p,maxᾼ Ȳ
ᵂ ҒϤᾼМї Ȳṳ [err]p,max ҒȲ᾿ẞ Ṝ
Ἤ ứᾼӔ ⱢѦȴ

Ç ֯ḕϚװᾼforward regressionȲ Ϛ RBF 
Мї ȲἬѿerror reduction rate Ғȴ
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err =
(3.177)
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Radial Basis Function Neural Networks (cont.)

Â Orthogonal least-squares algorithm for training an RBF 
network

Ç Step 1:

Â K=1. For 1 <=i<=Q , set
Compute the error reduction ratio of the ith center as

Find

and set

and the center c1=ci1
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Ç Step k:

Â Compute

Set

Compute

Find

and select

and the center ck=cik
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Radial Basis Function Neural Networks (cont.)

Ç Step k+1

Â Repeat step k. The regression is stopped at step N1

when

where 0<r<1 is a selected tolerance value
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Radial Basis Function Neural Networks (cont.)

Ç ᾼ֣ ṿ ᾼdesired ҏ ЄоȴҔᵶ֯
Мᾼḕ ֣ ẞ ҏ ᾼϚ Мї ȴ

Ç Ṝצ ᾼdesired  network outputᾼ ∟Ȳ ֣
ᾼ ᵂ Ѧȴ ∟ OLS ӢϚד Њᾼ ȴ

Ç r ὑ ᾼ ⇔ế ⇔ᾼӂ צ Єᾼ Ȳֽ
ὨrыЄȲ⁄ ᾼ ⇔ ȲᵀМї ыֵȲ -overfitכ

ing ȴ rыЊȲ ᾼ ⇔ ᵅȲᵀ ȴ

Ç Ϛ ᴖṕȲr ứ֯

2

2

1
d

n

s

s
r -=



Chuan-Yu Chang Ph.D.

124

Radial Basis Function Neural Networks (cont.)

Â Example 3.5

Ç Design an RBF NN that approximates the mapping 

z=f(x,y)=cos(3x)sin(2y), -1<=x<=1 , 

-1<=y<=1 

Ç RBFNN121צ Мї

Ç ṿӣGaussian RBF function Spread parameter=0.3

Ç ӭᾼ֯ὑ 121ױ Мї ȴ

Ç r=0.99 OLS∟Ȳ ϯ 28 Мї Ȳ юϠ77%ȴ
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Radial Basis Function Neural Networks (cont.)


