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Introduction

Mathematical morphology

¢ A tool for extracting image components that are
useful in the representation and description of
region shape, such as boundaries, skeletons, and
convex hull.

Sets In mathematical morphology represent
objects In an image.

2D integer space Z?

¢ (X,y) coordinates

Z3. gray-scale digital images

¢ (x,y) coordinates, and gray-level value



Preliminaries

Let Abe a setin Z2 If a=(a,, &) is an element of A

al A (9.1-1)
If ais not an element of A, we write
aT A (9.1-2)

The set with no elements is called the null or empty set and
denoted by the symbol f .

The elements of the sets with which we are concerned are
the coordinates of pixels representing objects.

¢ EX:
C={w|w=-d, fordi D}

set C is the set of elements, w, such that w is formed by
multiplying each of the two coordinates of all the elements of
set D by -1.



Preliminaries

Basic Concepts from Set Theory

c Subset

If every element of a set Ais also an element of another
set B, then A is said to be a subset of B.

Al B (9.1-3)

¢ Union
The set of all elements belonging to either A, B, or both
C=ACB (9.1-4)

¢ Intersection
The set of all elements belonging to both Aand B

D=AAB (9.1-5)



Preliminaries (cont.)

¢ Disjoint (mutually excusive)
If the two set have no common elements

AEB=f (9.1-6)

¢ Complement:

The complement of a set A is the set of elements not
contained in A

A" ={w|wl A (9.1-7)

¢ Difference:
the set of elements that belong to A, but not to B.

— 1 N — C
A- B={w|wi Awl B} = AZB ©.1.8)



‘ Preliminaries (cont.)

AUB

(AY
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de

FIGURE 9.1

(a) Two sets A
and B. (b) The
union of A and B.
i{c) The
intersection of A
and B. (d) The
complement of A.
{e) The difference
between A and B.




Preliminaries (cont.)

¢ Reflection

c Translation

4n

(A);

e

B={w|w=-b, for bi B}

(A), ={c|c=a+z for al A

i 8

FIGURE 9.2
(a) Translation of
A by z.
. (b) Reflection of
B B The sets A and
B are from
Fig. 9.1.
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Logic Operations Involving Binary Image

The principal logic operations used in image
processing are AND, OR, and NOT

The three basic logical operations

¢ Performed on a pixel by pixel basis between
corresponding pixels of two or more images.

¢ Logical operation are restricted to binary variables

TABLE 9.1
The three basic
logical operations. 0 0 0 0 |

0 I 0 1 I
1 W] 0 1 0
1 | 1 1 0

P q P AND g (also p - q) P OR g (also p + q) NOT (p) (also p)

¢ These operations are functionally complete in the
sense that they can be combined to form any other
logic operation



Logic Operations Involving Binary Images

[NOT (A)] AND (B)

NOT-
AND

NOT(A)
NOT
>
A (A) AND (B)
AND
- |:>
OR
- :D
(A) XOR (B)
XOR
- :>

_____________

FIGURE 9.3 Some
logic operations
between binary
images. Black
represents binary
Is and white
binary 0s in this
example.

I Black indicates a binary 1
I White indicates a 0.



Dilation and Erosion

For sets Aand B in Z2
The dilation of A by B, denoted

AA B={z (@Z,CEA:. f} (9.2-1)
={z [('%z EA A 9.2-2)

where set B Is referred to as the structuring
element.

The dilation of Aby B s the set of all
displacements, z, such that & and A overlap
by at least one element.

10



'Dilation and Erosion (cont.)

ablc d
d e

FIGURE 9.4 dj4
(a) Set A.
(b) Square
structuring B=8B
element {dot is
the center). .. Ty
(c) Dilation of A A
by B.shown d/s d /8
shaded.

(d) Elongated

structuring

element.

(e) Dilation of A

using this

element. a4

——————————————————

d/2
AE B




Dilation and Erosion (cont.)

Example of dilation
¢ bridging gaps

The maximum length of the breaks is known to be two

pixels.

A simple structuring element that can be used for

repairing the gaps is shown in Fig. 9.5(b)

Historicaliy, certain computer
programs were written using
ondy two digits rather than
four to define the applicable
yvear., Accordingly, the
company's software may
recognize & date using "00"
as 1900 rather than the vear
2000,

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
yaar. Accordingly, tha
company's software may
recognize & date using "00"
as 1900 rather than the ?r

el

2000,

i
b
FIGURE 9.5

(a) Sample text of

poor resolution
with broken
characters
(magnified view).
(b) Structuring
element.

(c) Dilation of (a)
by (b). Broken
segments were
joined.
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Dilation and Erosion

For sets Aand B in Z?2
The erosion of A by B, denoted AQB

AT B={z|(B),] A

where set B is referred to as the structuring element.

The erosion of A by B is the set of all points z such
that B, translated by z, is contained in A.

13



Dilation and Erosion

d
mmoTTmTms |
d/4 | |
d < d/ | |
B | i
| 408
A [ |1
ag AR a
d/4
i ' d/2
o |d | -
: \ ' d /2
| aop Y
B U 344
/8 d/8
abc
d e

FIGURE 9.6 (a) Sct A. (b) Square structuring element. (¢) Erosion of A by B, shown
shaded. (d) Elongated structuring element. (¢) Erosion of A using this element.
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Dilation and Erosion Cr i v

(a) P erosion

v 7 13x13A CJ Y

Example of erosion () e dilation

-eliminating irrelevant det

abc

FIGURE 9.7 (a) Image of squares of size 1,3,5,7.9, and 15 pixels on the side. (b) Erosion of (a) with a square
structuring element of 1°s, 13 pixels on the side. (¢} Dilation of (b) with the same structuring element.
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Example of erosion
-eliminating irrelevant detail

ab

cd

FIGURE 9.5 Using
erosion to remove
image compo-
nents. (a) A

486 X 486 binary

image of a wire-
bond mask.
(b)—(d) Image
eroded using
square structuring
elements of sizes
11 X 11,15 X 15,
and 45 X 45,
respectively. The
elements of the
SEs were all 1s.
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Opening and Closing
Opening

¢ Generally smoothes the contour of an object, breaks narrow
Isthmuses, and eliminates thin protrusions.

AAB = (AT B)A B

=c{(8),1(8),1 A

¢ The opening A by B is the erosion of A by B, followed by a dilation of
the result by B.

View the structuring element B as a flat ce rolling ball®

The boundary of AAB s then established by the points in B that reach

the farthest into the boundary of A as B is rolled around the inside of this

boundary. .

A~ B = U[(B),|[B).C A}

Translates of Fin A

OL

17



Opening and Closing

Closing

G

Tends to smooth sections of contours, fuses narrow breaks
and long thin gulfs, eliminates small holes, and fills gaps in
the contour.

The closing of set A by structuring element B, denoted AYB
AYB=(AA BY B

The closing of A by B is simply the dilation of A by B,
followed by the erosion of the result by B.

\/ N

FIGURE 9.9 (a) Structuring element B “rolling™ on the outer boundary of set A. (b) Heavy
line is the outer boundary of the closing. (c) Complete closing (shaded). 18

B
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a
b

de
f g

Le]

h i

FIGURE 9.10
Morphological
opening and
closing. The
structuring
element is the
small circle shown
in various
positions in (b).
The dark dot is
the center of the
structuring
element.

Opening and Closing

A-B=(AcB)®&B

___________________________
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Opening and Closing

The opening operation satisfies the
following properties
¢ A Bis a subset of A

¢ If Cis a subset of D,
then C Bis a subset of D

¢ (ATB) B=A"B

20



Opening and Closing

The properties of closing operation
¢ Als a subset of AfB

c If Cis a subset of D,
then CqBis asubsetof D JB

c (ATB)TB=ATB

¢ Multiple openings or closings of a set have no
effect after the operator has been applied once.

21



Opening and Closing

(A-B)&B

7

[(A-B)&B|©B=(A"B)-B

70\

(ACB)&B=A:B

_:%\\

h,
.Y

N
N

NN
DA

N
1:1l

i~

)
FIGURE 9.11
(a) Noisy image.
(c) Eroded image.
(d) Opening of A.
(d) Dilation of the
opening.
(e) Closing of the
opening. {Original
image for this
example courtesy
of the National
[nstitute of
Standards and
Technology.)
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The Hitor-Miss Transformation
The Hit-or-Miss Transformation

¢

¢

The morphological hit-or-miss transform is a tool for
shape detection.

If B denotes the set composed of A and its background,
the match of Bin A, denoted A B, is

A B = (ATX)Z [ATT(W-X)]

Let B=(B,, B,), where B, is the set formed from elements

o AMJ

(9.4-1)

elements of B associated with the corresponding
background.

of B associated with an object and B, is the set of i
Let B, =X and B, =(W-X), Eq. (9.4-1) becomes

A B = (A1B,))Z [ATB,]

Thus, set A B contains all the (origin) points at which,
simultaneously, B, founded a match (fhito) in A and B,
found a match in AC.

(9.4-2)

23



The Hitor-Miss Transformation

¢ By using the definition of set differences given in
Eq(9.1-8) and the relationship between erosion and
dilation given in Eq.(9.2-4), we can write Eq.(9.4-2) as

A B=(ATB,) i (A:B) (9.4-3)

¢ We refer to any of the preceding three equations as
the morphological hit-or-miss transformation.

24



The Hitor-Miss Transformation

The objective is to find the location of one of Xi WH W [ A X erosion
the shapes, say, X.
¢ Let the origin of each shape be located

at its center of gravity. A=xuvuz W el
¢ Let X be enclosed by a small window, W.

¢ The local background of X with respect :
to Wis defined as the et difference (W-X), x
asFig.b). o

¢ Fig. (c) shows the complement of A o
¢ Fig. (d) shows the erosion of A by X. I

L]
Z Origin

¢ A X may be viewed geometrically as
the set of all locations of the origin X at

which X found a match (hit) in A. o
¢ Fig. (e) shows the erosion of the e
complement of A by the local | =
background set (W-X). ’ ‘ -
¢ From Fig. (d) and (e), the set of locations
for which X exactly fits inside A is the
intersection of the erosion of A by X
the erosion of A® by (W- '

Fig. (f).

AC  (WEX) erosion

(AGX)l"l(A"e[W—y

25



Some basic Morphological Algorithm

Boundary extraction

¢ The boundary of a set A can be obtained by first eroding A by
B and then performing the set difference between A and its

erosion B(A) = A- (AT B) ©5.1)

¢ Using a 5x5 structuring element of 16 would result in a
boundary between 2 and 3 pixels thick.

¢ When the origin of B is on the edges of the set, part of the
structuring element may be outside the image.

Assume that the values outside the borders of the image are 0.

ab —Origin
gl

FIGURE 9.13 (a) Set

A. (b) Structuring B

element B.(c) A
eroded by B.
(d) Boundary, given
by the set
difference between
A and its erosion. -

- .H(A}
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Some basic Morphological Algorithm

Fig. 9.14

¢ The structuring element as shown in Fig. 9.13(b).

c Binary 16s are shown i1 n wh
¢ The boundary shown in Fig. 9.14(b) is one pixel thick.

ab

FIGURE 9.14

(a) A simple
binary image, with
1's represented in
white. (b) Result
of using

Eq. (9.5-1) with
the structuring
element in

Fig. 9.13(h).
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Some basic Morphological Algorithm
Region Filling

¢ InFig. 9.15, A denotes a set containing a subset
whose elements are 8-connected boundary points

of a region.
¢ Beginning with a point p inside the boundary, the
objective iIs to fill th

¢ Assume that all non-boundary points are labeled 0.
¢ Assign a value of 1 to p to begin.

¢ The following procedure then fills the region with
16s: A A* il

X, = (X, AB)EA® k=123,...

— Origin

¢ Wwhere X,=p, and B is the symmetric structuring
elements shown in Fig. 9.15(c).

¢ The algorithm terminates at iteration step k if X=X,

1
¢ The set union of X, and A contains the filled set
and its boundary.

X, X, X,UA



Some basic Morphological Algorithm
Example 9.6: Morphological region filling

¢ An image composed of white circles with black inner spots.
¢ The objective is to eliminate the reflections by region filling.

e

. a) Binary image (the white dot inside one of the regions is the starting
FIGURE 9.16 {a) Binary image (the white dot inside one of the regions is the starting
point for the region-filling algorithm). (b) Result of filling that region (¢) Result of fill-
ing all regions,

29



Some basic Morphological Algorithm
Extraction of Connected Components

¢

Let Y represent a connected component contained in a set A
and assume that a point p of Y is known.

The following iterative expression yields all the elements of Y:

X, = (X AB)EA k=123... (9.5-3)

where X,=p, and B is a suitable structuring element, as shown
in Fig. 9.17.

If X,=X,.1, the algorithm has converged and we let Y=X,.

,I—()rigin
|

¥

[ 1,'

pLA

FIGURE 9.17 (a) Set A showing initial point p (all shaded points are valued 1, but are
shown different from p to indicate that they have not yet been found by the algorithm).
(b) Structuring element. (¢) Result of first iterative step. (d) Result of second step.
(¢) Final result,
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Some basic Morphological Algorithm

Example 9.7:
¢ Used for automated inspection.

¢ Fig. 9.18(a) shows an X-ray image of a chicken breast that contains bone
fragments.

To detect foreign objects in processed food before packaging or shipping.

a

b

¢ d

FIGURE 9.18

{a) X-ray image
of chicken filet
with bone
fragments

{b) Thresholded
image. (¢) Image
eroded with a

5 X 5structuring
element of 1's.
(d) Number of
pixelsin the
connected

Connected  No. of pixels in
component connected comp

. 01 11

components ol 02 g
(c). (Image 03 9
courtesy of NTB 04 39
Elektronische 05 133
Geraete GmbH, 06 1
Diepholz, 07 1
Germany, 08 743
www.ntbxray.com.) 09 7
10 11

11 11

12 9

13 9

14 674

15 85




‘ Convex sets

A Convex sets

¢ A convex set is a set of elements from a vector space such
that all the points on the straight line between any two
points of the set are also contained in the set.

¢ A set Sin n-dimensional space is called a convex set if the
line segment joining any pair of points of Slies entirely in S,

If the set does not contain all the line segments, it is called
concave.

CoONnMvEX concadve

32



Convex sets
Convex Hull

¢ The convex hull of a set of points is the smallest convex set
that includes the points. For a two dimensional finite set the
convex hull is a convex polygon.

¢ http://www.cse.unsw.edu.au/~lambert/java/3d/ConvexHull.ht
ml

33
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Some basic Morphological Algorithm

Convex Hull

¢ A set Ais said to be convex if the straight line segment jointing
any two points in A lies entirely within A.

¢ The convex hull H of an arbitrary set Sis the smallest convex set
containing S

The set difference H-Sis called the convex deficiency of S.

The convex hull and convex deficiency are useful for object
description.

¢ LetB,i=1, 2, 3, 4, represent the four structuring elements in Fig.
9.19 (a).

¢ The procedure consists of implementing the equation:
X! =(X,,AB)GA i=1234andk=123,... (9.5-4)

where X;=A
¢ Let b =x__, Then the convex hull of Ais
4 .
C(A=8D (9.5-5)
i=1
34



Some basic Morphological Algorithm

The procedure consists of
iteratively applying the hit-
or-miss transform to A with
B!; when no further changes
occur, we perform the union
with A and call the result D.

The procedure Is repeated
with B? until no further
changes occur, and so on.

The union of the four
resultingDés const
convex hull of A.

t

C

e
= o

d
g

h

FIGURE 9.19

(a) Structuring
elements. (b) Set
A. (o)) Results
of convergence
with the
structuring
elements shown
in (a). (g) Convex
hull. (h) Convex
hull showing the
contribution of
each structuring
element.

tutes

X 1 ndicates dc
b x| x AR
b :yzx ;k - -
B! B B B
o= A X, X,
4 o
U »
X X3 C(A)
7 | % B!
7 B
1 N B
il B4



‘ Some basic Morphological Algorithm

FIGURE 9.20 Result of limiting growth of convex hull algorithm to the maximum di-
mensions of the original set of points along the vertical and horizantal directions.
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Some basic Morphological Algorithm

The thinning of a set A by a structuring element B, denoted by
A B, can be defined by the hit-or-miss transform:
A B=A-(AB)=A3 (A B)© (9.5-6)

A more useful expression for thinning A symmetrically is based
on a sequence of structuring elements:

{8} ={8",B%,B°,...B"] (5:57)
where B' is a rotated version of B'1

Based on the concept, the thinning can be defined by a
sequence of structuring element

AA{B}=((..(AA BYA B?)..)AB") (9.5-8)

The process is to thin A by one pass with B, then thin the
result with one pass of B2, and so on, until A is thinned with one
pass of B".

The entire process is repeated until no further changes occur.
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Some basic Morphological Algorithm

- Origin
|| x X ® * x ®
= Y x x x
b » . * * ®
B! B B? B! B B° B’ B®
r Origin
1
A A =A@ B! A=A, @B?
Ay=A,Q B Ay=A;® B* As=A, QB
A6:A5®Bﬁ Ag*Aﬁ@B?B Ag4:AS®BL’214
Ags = Agy ® B’ Agg = Ags ® BS Aggconverted to

No more changes after this. m-connectivity.

FIGURE 9.21 (a) Sequence of rotated structuring elements used for thinning. (b) Set A.
(c) Result of thinning with the first element. (d)—(i) Results of thinning with the next
seven elements (there was no change between the seventh and eighth elements).
(j) Result of using the first four elements again. (1) Result after convergence. (m)

oo g

—_—— s
BH-UQQ.

Conversion to m-connectivity.




Some basic Morphological Algorithm (cont.)

Thickening
¢ Thickening is the morphological dual of thinning and is
defined by
A.B= A3 (A B) 5:59)

where B is a structuring element suitable for thickening.

¢ As in thinning , thickening can be defined as a sequential
operation:
A {B}=((é (A.BY) B? N) B" (9.5-10)
¢ The structuring elements used for thickening have the
same form as those shown in Fig. 9.21(a) in connection

with thinning, b ut with all 1
¢ The usual procedure is to thin the background of the set in

question and then complement the result.( v b . Y

K o CADE LYaZzZo A ] )

Thicken a set A, we form C=A¢, thin C, and then form C¢.
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Some basic Morphological Algorithm

Thickening by background V . YK o
thinning ' A?déf- LV 8 7 w6
¢ Thicken a set A, we form C=AC¢, o e et e

thin C, and then form C¢. A !

o . AAE o

¢ JJEAA DT  C=AC
C o C
¢ ECA Ce

ab
oid
<

FIGURE 9.22 (a) Set A. (b) Complement of A. (¢) Result of thinning the complement of
A. (d) Thickened set obtained by complementing (c). (e) Final result, with no discon-
nected points
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Some basic Morphological Algorithm (cont.)

Skeletons

¢ As shown in Fig. 9.23, the notation of a skeleton, SA), of a set
A is intuitively simple. We deduce from this figure that

If zis a point of S(A) and (D), is the largest disk centered at z and
contained in A, one cannot find a larger disk containing (D), and
included in A. The disk (D), is called a maximum disk.

The disk (D), touches the boundary of A at two or more different
places.

ab

cd

FIGURE 9.23

{a) Set A.

(b) Various
positions of
maximum disks
with centers on
the skeleton of A.
(¢) Another
maximum disk on
a different
segment of the
skeleton of A.

(d) Complete
skeleton.
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Some basic Morphological Algorithm (cont.)

Skeletons

¢ The skeleton of A can be expressed in terms of erosions
and openings:

K
S(A) =8 S(A (9.5-11)

k=0

with
S.(A) = (AT kB)- (AT kB)AB (9.5-12)

where B is a structuring element, and (A kB) indicates k
successive erosions of A:

(AT kB)=(...AT B B ..y B&@y A ki BA-  (9.5-13)
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Some basic Morphological Algorithm (cont.)

¢ Kis the last iterative step before A erodes to an empty set.
In otherwords, (A B- D E . > A LGCUI- )

K =max{k| (AT kB) , 7} (9.5-14)

¢ The formulation given in Egs.(9.5-11) and (9.5-12) states
that §(A) can be obtained as the union of the skeleton
subsets S(A).

¢ A can be reconstructed from these subsets by using the

equation.( ., AKOZ I . S(AY kil
(dilation)L. A4 | )
A= é (s (A)A kB) (9.5-15)

where (Sk(A: _kB) denotes k successive dilations of S(A)
(s(A)AKB)=((.(s(A)AB)AB)A..)AB (9.5-16)
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Basic morphological Algorithm
p ASkB |(ASkB)-B Se(A) A_I.ZII:]SR(Aj Sc(A)E kB klz[:‘S;.(A)erB
] (] (] ] ] ]
0
] (] (] [] ] ]
1
0 0 0 m Yo o
B

FIGURE 9.24 Implementation of Eqgs. (9.5-11) through (9.5-15). The original set is at the top left,
and its morphological skeleton is at the bottom of the fourth column. The reconstructed set is at
the bottom of the sixth column.



Basic morphological Algorithm (cont.)

I (Pruning)

¢ Since thinning and skeletonizing algorithms tend to leave
parasitic components that need to be ficleaned upo by post-
processing.

¢ Assumptionsd

Assume that the length of a parasitic component does not exceed a
specified number of pixels.
The solution is based on suppressing a parasitic branch by
successively eliminating its end point.
¢ Thinning of an input set A with a sequence of structuring
elements designed to detect only end points achieves the desired
result. Let

X, = AA{B} (9.5-17)

where {B} denotes the structuring element sequence shown in Fig.

9.25(b) and (c).

The sequence of structuring elements consists of two different
structures, each of which is rotated 907 for a total of eight elements.
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Basic morphological Algorithm (cont.)

¢ Applying Eq(9.5-17) to A three times yields the set X, shown in Fig. 9.25(d).
The next step iIis to Arestoreo the cl
parasitic branches removed.

¢ Forming a set X, containing all end points in X;
8

X, =8 (X, A B¥) (9.5-18)
k=1

where the B* are the same end-point detectors shown in Figs. 9.25(b) and
(c).

¢ The next step is dilation of the end points three times, using set Aas a
delimiter:

Xg=(Xp: H)3 A (9.5-19)

whereHi s a 3x3 structuring el ement of
¢ Finally, the union of X; and X, yields the desired result,

X, = X3 Xq (9.5-20)
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Basic morphological Algorithm

Y (Pruning)
¢ O0 oy Jovry Culmk Y Y. U
" Al
C A Ed
parasitic componentA </l C 1Y pruningA
Ao O A" (endpoin) YW 0 Wn QL
WA
G A a BA oY X=AA{B
¢ ~ p AAendpoint x,=8(xA8")
¢ X, pdilation X=(X, H)3 A
c aXE€é XA Y X, = X3 X,
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ab

d
:
FIGURE 9.25

{(a) Original
image. (b) and

{(c) Structuring
elements used for
deleting end
points. (d) Result
of three cycles of
thinning. (e) End
points of {d).

(Ty Dilation of end
points
conditioned on
{a). {g) Pruned

image.

0o @

Basic morphological Algorithm (cont.)

B'. B>, B®, B* (rotated 907)

B, B®, B”, B (rotated 90°)
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\ Summary of Morphological Operations

Binary Images

TABLE 9.2
Summary of
morphological
operations and
their properties.

Operation

Equation

Comments
{The Roman numerals refer to the
structuring elements shown in
Fig.9.26).

Translation
Reflection
Complement
Difference
Dilation
Erosion

Opening

Closing

(A) = {wlw =a +z,

forae A}

B = {w|w = —b. forbe B}

A ={w|we A}

A—-B={wlwe A, we B}

=ANB

ADB = {z|(B).N A # &)

ASB = {z|(B), C A}

A°B=(ASB)®B

A*B=(ADB)SB

Translates the origin

of A to point z.

Reflects all elements
of B about the origin
of this set.

Set of points not in A.

Set of points that belong
to A but not to B.

“Expands” the boundary
of A. (1)

“Contracts”™ the boundary
of A. (1)

Smoothes contours,

breaks narrow isthmuses.

and eliminates small
islands and sharp
peaks. (1)

Smoothes contours, fuses
narrow breaks and long
thin gulfs, and eliminates
small holes. (1)
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\ Summary of Morphological Operations
Binary Images (cont.)

Hit-ormiss A®B=(ASB)N(ASB,) The set of points TABLE 9.2
transform R {coordinates) at which, Summary of
= (ASB) - (ADB,) simultaneously, B, found morphological
a match (“hit™) in A and results and their
B found a match in A", properties.
_ e tinied
Boundary BlA)=A - (ASHB) Set of points on the (continued)
extraction boundary of
set A. (I)
Region filling X, = (X, ,® B) N A X, = pand Fills a region in A, given a
k=1273 .. point p in the region. (I11)
Connected X = (X @ B) M A, Xy = pand Finds a connected
components k= 1,2.3,... component Yin A, given
a point pin ¥. (1)
Convex hull X} = (X, ® B")_ U Azi = 1.2,3.4;  Finds the convex hull C(A)
k=123...X;= Atand of set A, where “conv”
D= X! . indicates convergence
in the sense that
k= X (1
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\ Summary of Morphological Operations
Binary Images (cont.)

Operation

Equation

Comments
{The Roman numerals refer to the
structuring elements shown in
Fig. 9.26).

Thinning

Thickening

A®@B=A - (A® B)
N (A® BY

A®{B
H (

} =
(AJM@E)J@W)
{B'. B~ B°,....B"}

ADB=AUJ(A®B)

Thins set A. The first two

equations give the basic
definition of thinning.
The last two equations
denote thinning by a
sequence of structuring
elements. This method
is normally used in
practice. (I'V)

Thickens set A. (See
preceding comments on
sequences of structuring
elements.) Uses IV with
0’s and 1's reversed.

TABLE 9.2
Summary of
morphological
results and their
properties.
(continued)
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\ Summary of Morphological Operations
Binary Images (cont.)

Skeletons S(A) = LJS:(A) Finds the skeleton §(A) of T_ABI-E 9.2 i
k ;; set A. The last equation 5”[“”]“11)’ ol |
_ - indicates that A can be morphological
S(4) H{(A ©kB) reconstructed from its results and their
~ [(A2kB) - B]} skeleton subsets S,(A). properties.

[n all three equations, K is (continued)

the value of the iterative

Reconstruction of A:

A= O(_gk(f;) (;;.;(B) step after which the set A
k=0 erodes to the empty set.
The notation (A < kB)
denotes the kth iteration
of successive erosion of
A by B.(I)
Pruning X, = A®{B} X, is the result of pruning
8 set A. The number of
X; = H(X' ® BY) times that the first
X, = (X, DH)N A equation is applied to
: - obtain X must be
Xq_ = X| . X_:,

specified. Structuring
elements V are used for
the first two equations.
[n the third equation H
denotes structuring
element 1.
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Summary of Morphological Operations

Binary Images (cont.)

B B
1 11
B s . )
| B'i=1,2,3.4 <« x| B'i=1,2....,8
*1=]  (rotate 907) {rotate 457)
111 v
* . .
Bi=1,2734 B'i=51678
= (rotate 907) (rotate 907)
v

FIGURE 9.26 Five basic types of structuring elements used for binary morphology. The
origin of each element is at its center and the s indicate “don’t care™ values.
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Extensions to gragcale images

In this section, we extend to gray-scale images the basic
operations of dilation, erosion, opening, and closing.
Define:

¢ f(x,y): input image

¢ b(x,y): structuring element

¢ These functions are discrete, ie., if Z denotes the set of real
Integers, the assumption is that (x,y) are integers from ZxZ and
that f and b are functions that assign a gray-level value to each
distinct pair of coordinates (x,Y).

Dilation (f DbA J )
¢ Gray-scale dilation of f by b, denoted f: b, is defined as

(f Ab)(sit)=maxq f(s- x,t- y)+b(x,y)|(s- x),(t- y)i D,;(x,y)i D,}

¢ where D; and D, are the domains of f and b, respectively.
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Extensions to gragcale images (cont.)

¢ By means of 1-D function, Eq.(9.6-1) reduces to

(f Ab)(st)=max f(s- xt- y)+b(x y)|(s- x){t- y)i Di;(x y)i Df
¢ The function f(-x) is simply f(X) mirrored with respect to the
origin of the x axis.

¢ The function f(s-x) moves to the right for positive s, and to
the left for negative s.

¢ The requirements that the value of (s-x) has to be in the
domain of f and that the value of x has to be in the domain
of b imply that f and b overlap.

where the two sets have to overlap by at least one element.

¢ fsliding by bis really no different than b sliding by f.

The actual mechanics of gray-scale dilation are easier to
visualize if b is the function that slides past f.
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Extensions to grascale images (cont.)

At each position of the structuring element the value of dilation at that
point is the maximum of the sum of f and b in the interval spanned by b.

max{f(x) + b(s; — x)}
f(s3) |-==---- i( -
P i max{f(x) + b(s — x)} ;’r \\
f(s)) ﬁ/ i {/{ \\\
! : max{f(x) + b{—x)} . N
|

P 5 - =5

ab
cid

FIGURE 9.27 (a) A simple function. {b) Structuring element of height A. (c¢) Result of dila-
tion for various positions of sliding b past f. (d) Complete result of dilation (shown salid).

56



Extensions to gragcale images (cont.)

The general effect of performing dilation on a
gray-scale images is:
¢ If all the values of the structuring element are

positive, the output image tends to be brighter
than the input.

¢ Dark details either are reduced or eliminated,
depending on how their values and shapes relate
to the structuring element used for dilation.

¢ DilationL. WA mAd O Y- Y oyHbA
2 o H !
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Extensions to grascale images (cont.)

A Erosion (f b— )
(fT b)(s,t):min{f(s+x,t+y)- b(x, y)|(s+x),{t+y)i D;;(x y)i Db}

¢ ErosionL WA T Ne; Y oyHbA 'Y - 10
H |
FIGURE 9.28 &

Erosion of the
function shown in
Fig. 9.27(a) by the
structuring
element shown in
Fig. 9.27(b).

Y
|
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Extensions to gragcale images

5

Flat-top structuring element in the shape of a parallelepiped

of unit height and size 5*5 pixels 5Q



